Abstract
T s (x) = x + j∈J a j φ j (x) (1) where x ∈ X is the continuous spatial coordinate associated with I; J ⊂ Z 3 125 is the set of spatial parameter indices considered for basis functions φ j (x) = 126 β n (x/h − j) with h ∈ R the uniform spatial control point spacing, and β n the
with N I the number of spatial samples considered. We chose this criterion be- 
Coefficients d i are found quickly from the image intensities using recursive fil-141 tering 40 .
142
Solving the spatial registration problem for frame k comes down to estimat-
143
ing the optimal parameters a * in the sense of the criterion J s 144 a * = arg min a J s (T s ; k) .
By solving (4) consecutively for all k ∈ K except k r , a solution to the 4D motion 145 estimation problem can be composed. Solutions obtained for previous k values, 146 can be used to initialize subsequent registrations. Trajectory Model Let t ∈ T be the continuous coordinate associated with
157
K and suppose for simplicity T = [0, t e ). Let T t (x, t) denote the trajectory of 158 a point at position x at the reference time t r . The search for T t is limited to 159 continuous and smooth functions of t, by expressing it using a suitable set of 160 basis functions {ψ l } l∈L
L ⊂ Z is the set of temporal parameter indices and b l ∈ R 3 the coefficients of obtaining T t ∈ C m−1 (T). This leads to the set of m conditions
As will be shown, each condition results in a linear equation for the model 181 parameters, allowing to express one of the parameters in function of the others.
182
A schematic representation of a trajectory satisfying (6) is shown in figure 1b. 
This condition leads to periodic trajectories, but allows a discontinuity in the 195 velocity at end-inhale (figure 1c 
This condition allows to express one B-spline coefficient in terms of the others,
202
effectively removing one degree of freedom from the system, i.e.
in which we constrained the parameter b lr associated to the basis function ψ lr ,
204
which is non-zero at t r . Following Ledesma-Carbayo et al. 14 , introducing (9) 205 into (5), and regrouping terms for each of the parameters allows the temporal 206 model to be expressed using a smaller set of constrained basis functions
that only generates trajectories that satisfy (8).
208
In the following, we will denote L c the set of temporal indices of basis func-
209
tions to which constraints (6) and (8) have been applied. 
Spatio-Temporal Registration

211
Estimating the motion in a 4D CT sequence by performing consecutive spatial 212 registrations using (1) fails to exploit the temporal relation between the frames. 
The result is a linear, spatio-temporal deformation function, separable in space 216 and time. A straightforward extension to the temporal dimension of (2), leads 217 to the criterion
to be optimized with respect to the parameters c = {c j,l } j∈J,l∈L c . We will use 
(13) ∂f /∂x is found by deriving (3), while ∂T st /∂c j,l can be calculated considering 259 (11). For instance, for the q th spatial component
Implementation
261
The registration algorithms were implemented in C++. Evaluating T st (i, k) was frames of f using T s , required between 5 and 10 hours, whereas T st and T * st 267 required about twice as much time.
268
In comparison, the most expensive step for the spatio-temporal approach is 
281
The most suitable temporal parameter values were retained and used for the 
Temporal Fit of Diaphragm Motion Data
The registration results were also compared to those obtained when perform- copied to the same location in the target frame, i. e.
The procedure resulted in an axial slab of 20 mm along the cranio-caudal direc- Table 1 : Group mean of the RMS of the difference between the measured motion of the diaphragm dome in the cranio-caudal direction and fitted functions for the two temporal models with different number of control points and B-spline degrees. For degrees 0 and 1, both models are equivalent.
Experiments The simulated sequence f a was registered in the same way as locally introduced artifacts was evaluated.
380
The registration accuracy was assessed by using the landmarks identified in was not significant for all tested models in table 1. As they also 395 inherently impose a stronger temporal regularization, which is our purpose, 396 they were selected for the rest of the study.
397
The influence of the number of control points can also be seen from table 1.
398
For both models, the residual of the fit was proportional to the spacing of 
403
We used box and whisker plots to further illustrate the distribution of fitting 
Spatio-Temporal Registration of 4D CT
419
We retained the temporal representations with four and five internal control 420 points for the spatio-temporal model, which corresponds to s = 2.5 and 2 frames, 421 respectively. Table 2 Table 2 : Summary of the temporal properties for the registration methods when using cubic splines for the spatio-temporal methods, and a control point spacing of either 2 or 2.5 frames. The amount of temporal control points (CP) reflect the internal CP as well as the ones required at the border. The number of degrees of freedom (DOF) are the number of CP, reduced by the number of constraints. As an example, we list the resulting number of parameters required to register the inner thoracic region (I in ) for Patient 1.
3.47 ± 2.14 0.96 ± 0.66 1.02 ± 0.71 1.00 ± 0.69 2 6.41 ± 3.99 1.20 ± 0.96 1.37 ± 1.13 1.27 ± 1.09 3 3.65 ± 3.04 1.11 ± 1.14 1.17 ± 1.08 1.16 ± 1.15 GM 4.51 ± 3.15 1.09 ± 0.94 1.19 ± 0.99 1.14 ± 1.00 Table 3 : The mean TRE obtained over the nine frames for Patients 1-3 based on 900 landmarks each, and its group mean (GM). The registration error (± 1 SD) of the 3D registration is compared to the accuracy obtained for the spatiotemporal algorithms with m = 3 and s = 2 frames. The original landmark distance (Original ) is given to illustrate the magnitude of the motion. evaluated using the landmarks. Table 3 shows relatively small differences in group mean TRE over the entire The registration accuracy obtained for the sequence f a is summarized in table 5.
471
We only report results using the piecewise smooth spatio-temporal model T * st .
472
We also list the TRE obtained for the original 4D CT, corresponding to Patient marginally. Locally, the influence of the artifact is even more noticeable for T s .
477
For the spatio-temporal approach however, the local TRE remains below 2 mm Measure Data TRE (mm) Original T s T * st global f 9.00 ± 3.93 1.42 ± 1.30 1.44 ± 1.16 f a 3.17 ± 3.47 1.57 ± 1.20 local f 11.40 ± 3.74 1.38 ± 1.44 1.46 ± 1.05 f a 6.82 ± 4.38 1.90 ± 1.22 Table 5 : The mean TRE for the 4D CT sequence with simulated artifacts (f a ) and for the original, unmodified 4D CT (f ) corresponding to Patient 2. The evaluation is limited to the frame where the artifact is introduced. The global TRE is based on 100 landmarks. The local TRE is based on 24 landmarks, all within 5 slices of the inserted artifact. The registration error of the 3D registration (T s ) is compared to the accuracy obtained for the spatio-temporal algorithm (T * st using m = 3 and s = 2 frames). The original landmark distance (Original ) is given to illustrate the magnitude of the motion. 
Discussion
496
Temporal Constraints In section 4.1, the smooth and piecewise smooth 497 temporal models were compared at equal control point spacing (see figure 2 ).
498
The difference in temporal constraints between T t and T * t , results in a different 499 number of degrees of freedom at equal control point spacing. We therefore also 500 performed a comparison between both models at equal degrees of freedom. The to the corresponding T * t models (see table 1 for T * t with two control points less 503 than T t ). In addition, despite the global increase in degrees of freedom, the high 504 fitting residual at end-inhale remained for T t . providing the sofware tool for landmark identification.
